We construct a family of fermionic star products generalising the fermionic Moyal product. The parameter space contains the polarisations necessary to define a quantum Hilbert space. We find a star product of fermionic functions on sections of the pre-quantum line bundle and show that the star product of any function on a quantum state remain a quantum state. Associativity implies a representation of the fermionic star product algebra on the quantum Hilbert space. The star product is compatible with both the flat connection on the bundle of fermionic functions and the projectively flat connection on the bundle of Hilbert spaces over the space of polarisations.
Introduction
Given a classical system described by a symplectic or Poisson manifold, deformation quantisation [4, 5] produces the quantum operator algebra as a deformation of the algebra of functions in which the usual product of two functions is replaced by a non-commutative but associative star product, in a power series of , so that the first order term is related to the Poisson bracket. If is treated as a formal parameter, existence of such deformation was shown for symplectic manifolds in [10, 23, 11] and for Poisson manifolds in [16] . If is a positive number, convergence of such formal series is known only in limited cases, but most notably when the phase space is a symplectic vector space. The Moyal product [19] of two functions on a symplectic vector space, making use of the anti-symmetric Poisson bi-vector, corresponds to the Weyl ordering in quantum mechanics, and it can be modified to fit various other types of normal orderings in physics [1, 3, 33, 20] . More generally, the Moyal product can be modified by a general symmetric bi-vector, and various such star products are equivalent by explicitly constructed intertwining operators [21, 22] . Thus there is a family of star products on a symplectic vector space parametrised by the symmetric bi-vectors, and the intertwining operators define a flat connection over the parameter space.
On the other hand, geometric quantisation [17, 24] is so far mainly concerned with obtaining a quantum Hilbert space from classical data, which include a phase space (symplectic manifold) with a pre-quantum line bundle over it. A quantum Hilbert space depends on additional data such as a polarisation, which plays no role in classical physics. In the general situation, there are few results on how the Hilbert space depends on the choice of polarisations or how to best quantise functions as operators on the Hilbert space if their Hamiltonian flows do not preserve the polarisation. However, if the phase space is a symplectic vector space and if the polarisations are restricted to those given by compatible linear complex structures, then there is a projectively flat connection on the bundle of Hilbert spaces over the space of such complex structures [2] , providing a natural identification of quantum states in different polarisations. This projectively flat connection becomes flat upon metaplectic correction. Moreover, the base space is identified as the Siegel upper-half space, which is a non-compact Hermitian symmetric domain, and parallel transport along the geodesics (with one or both ends at infinity) are the standard Segal-Bargmann and Fourier transforms [15] (see [28, 29, 30] for further development).
In [32] , a non-formal star product is defined of a function on a symplectic vector space on a section of the prequantum line bundle over it, for each compatible linear complex structure. It has the important property that the star product of any function on a holomorphic section remains a holomorphic section. The star product is a deformation of the prequantum action in the sense that the terms of 0th and 1st orders in are precisely the prequantum action of functions on sections. A compatible complex structure determines a symmetric bi-vector on the symplectic vector space and hence a star product of functions. Another property of this star product is the associativity, making it a representation of the star product algebra of functions on the space of quantum states. (See the references in [32] for other work on constructing such representations.) In addition, the star product is compatible with both the flat connection on the bundle of functions and the projectively flat connection on the bundle of Hilbert spaces [32] . Using Fedosov's method [11] , the construction in [32] is generalised to a formal star product of functions on sections of the pre-quantum line bundle on a general symplectic manifold [31] .
The fermionic phase space is a Euclidean vector space [8, 6] and the Poisson bi-vector is symmetric. The classical observables form the exterior algebra of the phase space. If the phase space is finite dimensional, deformation of the exterior product to a fermionic star product that is not graded-commutative but associative, written as a power series of , is necessarily non-formal. The fermonic counterpart of the Moyal product was studied in [7, 33, 13, 14, 12] . Following the geometric quantisation of bosons, pre-quantisation and quantisation of fermionic systems were carried out in [18, 27] . To obtain the quantum Hilbert space, which is in fact the spinor representation of the Clifford algebra, a polarisation from a complex structure is again needed. The allowed complex structures form a compact Hermitian symmetric space and the spinor representations from different polarisations form a vector bundle with a projectively flat connection, allowing identification of quantum states from different polarisations by parallel transport [29] (see also [28, 30] ). The projectively flat connection becomes flat upon fermionic metaplectic correction [29] .
In this paper, we relate the approaches of deformation and geometric quantisation of fermionic systems by carrying out a fermionic analogue of [32] . In §2, we recall the geometry of fermionic phase space and the Poisson bracket of functions of fermionic variables. In §3, we generalise the fermionic Moyal product to a family of star products parametrised by anti-symmetric bi-vectors (instead of symmetric ones in the bosonic case). There are intertwining operators relating different star products and they define a flat connection on the bundle of exterior algebras over the parameter space. In §4, we study the geometry of the space of polarisations and the fermionic star products associated to them. In §5, we recall the procedures of prequantisation and quantisation of fermionic systems and the projectively flat connection on the bundle of Hilbert spaces thus obtained. In §6, we define the star product of a fermionic function on a state for each polarisation and show that the result remain a state. We show associativity and thus obtain a representation of the fermionic star product algebra on the space of quantum states. Furthermore, the star product is compatible with both the flat connection on the bundle of exterior algebras and the projectively flat connection on the bundle of quantum Hilbert spaces. In §7, we define the star product of a function on a state with metaplectic correction and demonstrate the compatibility with the flat connection on the bundle of metaplectically corrected quantum states. In the Appendix, we show that the star products of fermionic functions actually comes from various quantisation maps from the exterior to the Clifford algebra, giving alternative understanding of their properties. We also express the fermionic star products of two fermionic functions as fermionic integrals involving the two functions and an integral kernel.
Fermionic phase space and the Poisson bracket
The phase space of a linear fermionic system is a fermionic copy ΠV of a Euclidean vector space V in the sense that the complex fermionic 'functions' on it form the complexified exterior algebra Λ • V * C [8, 6] . Assume that the system has finite degrees of freedom so that V is of real dimension m. The symmetric Euclidean structure q ∈ S 2 V * on V replaces the anti-symmetric symplectic form for a bosonic system. The fermionic Poisson structure q ♯ ∈ S 2 V , defined as the inverse of q, is also symmetric. We require that ΠV is oriented, with a positive unit volume element
Let {e µ } 1≤µ≤m be a linear basis of V with a positive orientation and let {e µ } 1≤µ≤m be the dual basis of V * . Writing q = q µν e µ ⊗ e ν , q ♯ = q µν e µ ⊗ e ν , the components q µν = q νµ and q µν = q νµ satisfy q µλ q λν = δ ν µ . The fermionic 'coordinates' θ µ (µ = 1, . . . , m) on ΠV satisfy, among other properties, the anti-commutativity law θ µ θ ν = −θ ν θ µ . A function on ΠV is of the form f = m p=0
1 p! f µ1···µp θ µ1 · · · θ µp and its Berezin integral can be written as
where ǫ µ1···µm := e µ1 ∧ · · · ∧ e µm , ǫ V is a totally anti-symmetric tensor. If the basis {e µ } of V is chosen so that ǫ 12···m = 1, then we can write dθ = dθ m · · · dθ 2 dθ 1 and the Berezin integral is given by ΠV dθ m · · · dθ 2 dθ 1 θ µ1 θ µ2 · · · θ µp = 0 (p < m), ΠV dθ m · · · dθ 2 dθ 1 θ 1 θ 2 · · · θ m = 1.
The fermionic derivatives ∂ µ = ∂ ∂θ µ (µ = 1, . . . , m) act as super-derivations on the space of 'functions' on ΠV . Along a vector v = v µ e µ ∈ V , the directional derivative ∂ v = v µ ∂ µ is also a super-derivation. It will be useful to adjust the sign by redefining ∂ ′ µ f :
The Poisson bracket of two fermionic functions f, g on ΠV is
where → ∂ ν acts to the right on g as usual while ← ∂ µ acts to the left on f so that f
; the sign (−1) |f | is from exchanging the order of ∂ µ and f in the expression. In particular, {1, f } = 0 for all f and {θ µ , θ ν } = 1 2 q µν or {a, b} = 1 2 q ♯ (a, b) if a, b ∈ V * C are regarded as (linear) fermionic functions on ΠV . The Poisson bracket can be expressed as {f, g} = 1 2 H f g using the fermionic analogue of the Hamiltonian vector field of f on ΠV , (2.1)
We can express the Poisson bracket as the restriction to the diagonal of a fermionic function on ΠV × ΠV .
where⊗ denotes graded tensor product. The operator q µν ∂ µ⊗ ∂ ν acts by (q µν ∂ µ⊗ ∂ ν )f⊗g = (−1) |f | q µν (∂ µ f )⊗(∂ ν g), where the sign comes from exchanging the order of f and ∂ ν . Let
The Poisson bracket of f, g can be written as
. Under the Poisson bracket, fermionic functions on ΠV form a Lie superalgebra. This can be verified easily by (2.3) . For example, to show graded anti-commutativity, we use the graded flip operator
Therefore for all fermionic function f and g on ΠV , we have
To show the graded Jacobi identity, we calculate, for all fermionic functions f, g,
Here the Leibniz rule (2.2) is used to obtain the second equality. Note also that q µν = q νµ and that
Finally, the fermionic Poisson bracket satisfies the graded Leibniz property
The special orthogonal group SO(V, q) preserving the Euclidean structure q and the orientation of V is the group of linear canonical transformations on the phase space ΠV . Consequently, it preserves the fermionic Poisson structure, i.e., (γ ⊗ γ)q ♯ = q ♯ for all γ ∈ SO(V, q). It acts as automorphisms on the exterior algebra Λ • V * 
A family of star products of fermionic functions
Consider a linear fermionic system of finite degrees of freedom, whose phase space ΠV is a fermionic copy of the Euclidean space (V, q). Two fermionic functions functions f, g ∈ Λ • V * C have a Moyal-type star product [7, 33, 13] (3.1)
Here the Plank constant > 0 is fixed. Since (3.1) is a finite sum, the fermionic star product is always non-formal. Using the notation in §2, the star product can also be written as
This star product is associative but not graded commutative, and it satisfies, for all fermionic functions f, g on ΠV ,
For example, 1 * 0 f = f * 0 1 = f for all f and a * 0 b = a ∧ b + 4 q ♯ (a, b) if a, b ∈ V * C are regarded as fermionic functions on ΠV . It is easy to show that for any a = a µ e µ ∈ V * C and f, g ∈ Λ • V * C , we have
We now introduce a family of fermionic star products parametrised by anti-symmetric contravariant 2-tensors K; in the bosonic case, K would be symmetric [21, 22] . For each such K ∈ Λ 2 V C , let Λ := q ♯ + K ∈ V ⊗2 C or Λ µν = q µν + K µν in components, and let the corresponding (non-formal) star product * K be defined by
Then we have 1
When K = 0, * K = * 0 is the fermionic Moyal star product (3.1). Since K is anti-symmetric, we still have
Like (3.1), the star products (3.3) are polynomials in of degree at most m = dim V . So there is no problem of convergence that should be taken care of in the bosonic case [32] .
We verify the associativity of the fermionic star product * K for a general K ∈ Λ 2 V C . Using the Leibniz rule (2.2) and property (2.4) of the diagonal map, we obtain, for all fermionic functions f, g, h on ΠV ,
A similar calculation shows that f * K (g * K h) is the same, and thus associativity
follows. By the first order behaviour (3.4) of the star product * K , the graded Jacobi identity (2.5) is a consequence of associativity (3.5).
We now consider the star products * K parametrised by K ∈ Λ 2 V C as a family. Let O be the product bundle
A direct calculation confirms that the curvature F O = 0. The connection ∇ O respects the star products as the parallel transport U O K1,K0 intertwines between * K0 and * K1 . Infinitesimally, this is reflected in the first order identity
Both the star product * K and the intertwining operator U O K ′ ,K are equivariant under the action of SO(V, q). That is, for all γ ∈ SO(V, q), K, K ′ ∈ Λ 2 V C and fermionic functions f, g on ΠV , we have
In particular, the fermionic Moyal product * 0 is invariant under SO(V, q). The action of SO(V, q) on Λ 2 V C lifts to the bundle O via γ : (K, f ) → ((γ ⊗ γ)K, γ O (f )). Since U O K ′ ,K is the parallel transport along any smooth path from K to K ′ , the lifted action of SO(V, q) on O preserves the flat connection ∇ O .
Polarisations, polarised star products and normal ordering
For simplicity, we will consider mostly the case when the dimension m = 2n is even. Then the isotropic subspaces of maximal dimension coincides with the coisotropic subspaces of minimal dimension; these are the complex Lagrangian subspaces L ⊂ V C satisfying L = L ⊥ .
If (L, L ′ ) is a pair of transverse complex Lagrangian subspaces, we have the linear decomposition V C = L ⊕ L ′ . The projection operator P on V C such that im P = L and ker P = L ′ satisfies the properties (4.1)
Conversely, given an operator P on V C satisfying the above properties (4.1), we can recover the pair (L, L ′ ) of transverse complex Lagrangian subspaces in V C . Therefore the space P of operators P satisfying (4.1) naturally identifies with the space of pairs (L, L ′ ) and is a complex manifold of dimension 1 2 n(n − 1). Choosing linear bases
Given a projection operator P ∈ P or a pair of (L, L ′ ) transverse Lagrangian subspaces, we set
The map P → Λ 2 V C , P → K P is injective and thus P can be regarded as an analytic subset of Λ 2 V C . With the linear bases of L and L ′ , the non-zero components of K P and Λ P are, respectively, (1− √ −1J) ∈ P, and P J = 1 − P J is the projection onto L J . This defines an inclusion map i : J ֒→ P, J → P J . The space J is a compact Hermitian symmetric space of complex dimension 1 2 n(n − 1) of type SO(2n)/ U(n), and is connected and simply connected. If n = 1, J is a point. If n > 1, then H 2 (J) ∼ = π 2 (J) ∼ = Z. The standard Kähler form on J is
, whose integration on the generator of H 2 (J) or π 2 (J) is 4π. For example, J = P 1 if n = 2, and the Kähler form is
in the inhomogeneous coordinate z ∈ C ∪ {∞}. In general, for two complex structures J, J ′ ∈ J, the condition that L J and L J ′ are transverse to each other is det(J + J ′ ) = 0. This happens if and only if J ′ is not on the cut locus or the first conjugate locus of J in J [29] . For a fixed J ∈ J, the set of such J ′ is diffeomorphic to C n(n−1)/2 . When n = 2, J ′ is on the cut locus of J if J and J ′ are antipodal points on
There is a retraction map r : P → J, sending P ∈ P to the J ∈ J such that P J = P (P − P ) −1 (1 − P ), or
Here P − P is invertible because q is positive definite on the real space V and hence im P and im P are necessarily transverse subspaces. It is easy to verify that r • i = id J . In fact, J = r(P ) picks up only the information of im P but not of ker P . With J ′ = r(1 − P ), P can be identified with an open dense subset of J × J consisting of pairs (J, J ′ ) such that J ′ is not on the cut locus of −J. Since J ′ can be deformed to −J following the unique minimal geodesic joining J ′ to −J, the subspace J is a strong deformation retract of P. Moreover, r : P → J is a smooth (but not holomorphic) fibration whose fibres are diffeomorphic to C n(n−1)/2 . The other map r ′ : P → J, P → J ′ , has similar properties. Consequently, the homology and homotopy groups of P coincide with those of J. In particular, P is connected and simply connected, and H 2 (P) ∼ = π 2 (P) ∼ = Z just like J. If P ∈ P, the polarised star product * P (with respect to P ) is the star product * K in (3.3) for K = K P . That is,
In particular, if ∂ i ′ f = 0 or ∂ j g = 0, then f * P g = f ∧ g. This star product is related to the normal ordering with respect to P . (See for example [1, 3, 33, 20] for the bosonic analogue.) If P,
The action on the corresponding projection operator P ∈ P is γ : 
In particular, taking P = P J ,
Prequantisation, quantisation, projective flatness and symmetry
Quantisation of the fermionic phase space (V, q) means finding an irreducible representation of the operator algebra, the Clifford algebra C (V * C ). It is well known that such a representation is the spinor representations that can be constructed with the help of a complex structure on V [9] . In the procedures of prequantisation [18] and quantisation [27] of a fermionic system which lead to the spinor representation as the quantum Hilbert space, the complex structure plays the role of polarisation. Just like the bosonic case [2, 15] , there is a bundle of spinor representations over the space J of complex structures and this bundle admits a projectively flat connection allowing natural identification up to a phase of the spinor representation from different complex structures [29, 30] . Now we extend the base space J of the projectively flat bundle to the space P of projections P satisfying (4.1).
The prequantum line bundle ℓ over ΠV does not have a geometric total space but is characterised by the space Γ (ΠV , ℓ) of sections and the operators acting on them. The space Γ (ΠV , ℓ) is a free left module of rank 1 over 
where H f is the Hamiltonian vector field (2.1) of f . The prequantum action satisfies the Dirac condition
is the graded commutator of the prequantum operatorsf andĝ. We assume that the dimension of V is m = 2n. Given P ∈ P or a pair (L, L ′ ) of transverse complex Lagrangian subspaces, we set H P := Γ P (ΠV , ℓ) as the space of sections ψ ∈ Γ (ΠV , ℓ) that are covariantly constant along L ′ = ker P , i.e., ∇ v ψ = 0 for all v ∈ L ′ . This is the quantum Hilbert space in the polarisation given by P and is of complex dimension 2 n . For a ∈ V * C regarded as an element of Λ • V * C , the prequantum actionâ preserves H P and for a, b ∈ V * C , we have the relation {â,b} = 2 q ♯ (a, b). This induces the (irreducible) spinor representation of the Clifford algebra C (V * C ) on H P . Furthermore, there is a decomposition (5.4) Γ (ΠV , ℓ) = H P ⊕ H ′ P , where H ′ P is the subspace spanned by sections of the form ∇ v ψ ′ for v ∈ L and ψ ′ ∈ Γ (ΠV , ℓ). Note that H P depends only on L ′ whereas H ′ P depends only on L, but the decomposition (5.4) depends on the full information of P ∈ P. If P = P J is from a complex structure J ∈ J or if L = V 1,0 J , L ′ = V 0,1 J , then ∇v is the adjoint of −∇ v for all v ∈ L and thus the decomposition (5.4) is orthogonal with respect to the Hermitian structure on Γ (ΠV , ℓ) [29] .
Choosing a linear basis {e µ } of V , we have fermionic coordinates {θ µ } on V . A 'trivialisation' of ℓ identifies
C , under which the covariant derivative ∇ µ becomes the usual derivative plus a gauge potential with the curvature condition (5.1). For example, the choice ∇ µ = ∂ µ − −1 q µν θ ν satisfies {∇ µ , ∇ ν } = −2 −1 q µν . Given linear bases {e i } of L = im P and {e i ′ } of L ′ = ker P , we have complex coordinates θ i and θ i ′ . The space H P consists of ψ ∈ Γ (ΠV , ℓ) satisfying
where φ ∈ Λ • L * depends only on θ i but not on θ i ′ . Notice here the appearance of the fermionic Gaussian factor.
On the other hand the space H ′ P consists of sections of the form ∇ i ψ i for some ψ i ∈ Γ (ΠV , ℓ). If P = P J for J ∈ J, then L ′ = L and we can choose e i ′ as the complex conjugate of e i and writeī for i ′ . Then θ i are the holomorphic coordinates whereas θī are the anti-holomorphic coordinates, and φ(θ i ) is a (fermionic) holomorphic function.
The finite dimensional Hilbert spaces H P parametrised by P ∈ P form a vector bundle H over P and it is a subbundle of the product bundle with fibre Γ (ΠV , ℓ). Similarly, H ′ P form a subbundle H ′ which is complement to H in the trivial bundle. The trivial connection on the product bundle then induces a connection ∇ H on H. Under an infinitesimal variation δP of P ∈ P, the change in ψ ∈ H P by parallel transport is
Clearly, δψ is valued in H ′ P and, following [ has a phase ambiguity. The spaces H P of spinors constructed from various P ∈ P can be identified naturally up to a phase. Restricting to the subset J of the base space P, the decomposition (5.4) is orthogonal and hence the connection ∇ H is given by the orthogonal projection of the trivial connection onto the subbundle H [29] . The connection ∇ H over J is unitary and the curvature (5.5) is proportional to the standard Kähler form on the Hermitian symmetric space J.
which is unitary. The action of the symmetry group SO(V, q) on the phase space ΠV can be lifted to the prequantum line bundle ℓ in the sense that it acts on the space Γ (ΠV , ℓ) of sections. Since action preserves the Hermitian structure and the unitary connection ∇ on ℓ, it maps H P to H γP γ −1 and thus the action of SO(V, q) on P lifts to the bundle H. Let γ H denote the action of γ ∈ SO(V, q) on H. The lifted action preserves the projectively flat connection ∇ H . If {P t } 0≤t≤1 is a smooth path in P, the parallel transport in H satisfies
The group SO(V, q) acts as automorphisms of the Clifford algebra C (V * C ). When a classical symmetry becomes part of the automorphism group of the quantum operator algebra, it is said to be broken in an irreducible representation of the operator algebra if the symmetry does not preserve the representation. In our case, if dim V is even, since the irreducible representation of C (V * C ) is unique (the fermionic analogue of the Stone-von Neumann theorem), the SO(V, q) symmetry is necessarily unbroken. In fact, picking any P ∈ P, a projective representation ρ P of SO(V, q) on H P can be constructed by ρ P (γ) = U H P,γP γ −1 • γ H , which is defined up to a phase. Indeed, we have [30] 
up to a phase for all γ, γ ′ ∈ SO(V, q). So ρ P is a projective representation of SO(V, q) which lifts to an honest representation of its double cover, the spin group Spin(V, q), and it is unitary if we pick P = P J , J ∈ J. This is the fermionic analogue of the Segal-Shale-Weil representation of the metaplectic group (the double cover of the symplectic group). More generally, the symmetry group acts on the space of polarisations. The symmetry is unbroken if one can find a polarisation such that over its orbit, the bundle of Hilbert spaces is projectively flat [30] .
Actually the automorphism group of C (V * C ) contains the full orthogonal group O(V, q). When dim V is even as we have been considering, the full O(V, q) symmetry is unbroken because parity, in the non-identity component of O(V, q), remains an inner automorphism of C (V * C ) and it acts on the spinors by exchanging positive and negative chiralities. However, when dim V is odd, though the SO(V, q) part remains inner, parity becomes an outer automorphism of C (V * C ) and it exchanges the two irreducible representations of C (V * C ). Therefore the O(V, q) symmetry is broken to SO(V, q) in each irreducible spinor representation when dim V is odd [30] .
Star product of a fermionic function on a state
Given a polarisation P ∈ P on the fermionic phase space (V, q), the star products (4.3) of two fermionic functions f, g ∈ Λ • V * C is normal ordered with respect to P . On the other hand, P ∈ P also determines the space H P = Γ P (V, ℓ) of polarised sections ψ of the prequantum line bundle ℓ satisfying ∇ i ′ ψ = 0. As in the bosonic case [32, 31] , it is desirable to have a representation of the algebra with the star product * P on the space H P of quantum states defined by the polarisation P . Indeed, we define the star product * P of a function f ∈ Λ • V * C on a section ψ ∈ Γ (ΠV , ℓ) by
Here we regard f ⊗ ψ ∈ Λ • V * C ⊗ C Γ (ΠV , ℓ) as a section of the line bundle 1 ⊠ ℓ = π * 2 ℓ over ΠV × ΠV (where π 2 : V × V → V is the projection onto the second factor), whose restriction to the diagonal is ∆ * (1 ⊠ ℓ) ∼ = ℓ. If ψ ∈ H P is polarised (or in the quantum Hilbert space defined by the polarisation P ), we have
1) of f on ΠV . The first two terms in (6.2) are precisely the prequantum action (5. 2) of f on ψ. Thus the star product defined here is a deformation of prequantisation. If f is constant or linear in the θ i ′ variables, then the remaining terms in (6.2) vanish and the * P -product coincides with the prequantum action of f on H P .
The star product * P is associative in the sense that f * P (g * P ψ) = (f * P g) * P ψ for f, g ∈ Λ • V * C and ψ ∈ Γ (ΠV , ℓ). To verify this equality, we formulate the Leibniz rule ∇(f ψ) = f ∇ψ + df ⊗ ψ as an operator identity ∇ • ∆ * =
, the operators that appear as exponents in the star product * P anticommute with each other just as in the case for functions. Thus similar calculations show that both f * P (g * P ψ) and (f * P g) * P ψ are
As a consequence of associativity, we have
which is consistent with the appearance of the prequantum action in f * P ψ.
Next, we show that if ψ ∈ H P , then f * P ψ ∈ H P for all f ∈ Λ • V * C . This is somewhat surprising, as the function f is not required to be holomorphic (in the fermionic sense). Yet it is a crucial requirement for the star product (6.1): the action of an observable on a quantum state must remain a quantum state. Indeed, since ∇ i ′ ψ = 0, we obtain
Here we used the curvature (5.1) for the third equality.
In contrast, the prequantum action (5.2) does not share this property. We illustrate this important difference by an example. Suppose the fermionic phase space is given by a Euclidean space (V, q) of dimension 4 (i.e., n = 2). We pick a polarisation P determined by a compatible complex structure and we choose a complex linear basis so that the non-zero components of q are q 11 = q 22 = 1 2 . Then the Hilbert space H P consists of sections of the form φ(θ 1 , θ 2 ) exp 1 2 (θ 1 θ 1 +θ 2 θ 2 ), where φ depends on the holomorphic fermionic coordinates θ 1 , θ 2 only. We take a function f =θ 2θ1 and a state ψ = θ 1 θ 2 exp 1 2 (θ 1 θ 1 +θ 2 θ 2 ). Then the star product f * P ψ = 2 exp 1 2 (θ 1 θ 1 +θ 2 θ 2 ) remains a state in H P . However the prequantum action f (ψ) = (−θ 1 θ 1θ2 θ 2 + θ 1 θ 1 + θ 2 θ 2 ) exp 1 2 (θ 1 θ 1 +θ 2 θ 2 ) is outside H P . A similar problem exists when quantising a function whose Hamiltonian flow does not preserve the polarisation. Thus the star product is more preferable than the prequantum action.
Recall now that the bundle O over P ⊂ Λ 2 V C with fibre Λ • V * C has a flat (but non-product) connection ∇ O . In addition, the bundle H over the same base space P has a projectively flat connection ∇ H . We claim that the polarised star products * P between functions and of a function on a polarised section are compatible with the connections on O and H. In terms of parallel transports U O P1,P0 and U H {Pt} in the bundles O and H along a smooth path {P t } 0≤t≤1 in P, this means
for all f ∈ Λ • V * C , ψ ∈ H P . Thanks to the differential equations that parallel transports in O and H satisfy, it suffices to verify its infinitesimal version (6.4) f ( * P +δP − * P ) ψ = δ(f * P ψ) − (δf ) * P ψ − f * P (δψ).
Indeed, because ∇ i depends on t through P t , the left hand side of of (6.4), to the first order, is
Using the connections A O and A H , the right hand side of (6.4) is
By the Leibniz rule ∇ i • ∆ * = ∆ * • (∂ i ⊗ 1 + 1 ⊗ ∇ i ), the two sides agree. The star product is equivariant under the SO(V, q)-actions on functions and sections. For any γ ∈ SO(V, q) and
as an equality in Γ (ΠV , ℓ). If furthermore ψ ∈ H P , then the above equality holds in H γP γ −1 . The formula (6.3) is compatible with the SO(V, q) action.
Metaplectic correction for fermions
In the quantisation of bosons, metaplectic (half-form) correction modifies the prequantum line bundle on a symplectic manifold by tensoring the square root of the canonical bundle of a polarisation. It is possible that neither of the two bundles exists as honest bundles, but their tensor product does, and thus the integrality condition on the symplectic form is shifted. If the phase space is a symplectic vector space and the polarisations are given by compatible linear complex structures, then the bundle of quantum Hilbert spaces over the space of such polarisations has a projectively flat connection [2] , while the bundle of metaplectically corrected Hilbert spaces is flat [27, 15] . For fermions, the bundle of quantum Hilbert spaces over the space of complex polarisations [29] , and more generally over the space of projections associated to a pair of transverse Lagrangian subspaces (cf. §5), is also projectively flat. But to cancel its curvature, the square root bundle in the metaplectic correction is the inverse of the one used in the bosonic case [29] . Curiously, volume element in a fermionic space also transforms in an opposite way.
As before, we assume that the fermionic phase space is given by a Euclidean space (V, q) of even dimension 2n and we denote by P the space of projection operators satisfying (4.1). Over P there are tautological vector bundles V, V ′ of rank n whose fibre over P ∈ P are the complex Lagrangian subspace im(P ), ker(P ), respectively. The trivial connection on the product bundle P × V C admitting a decomposition V ⊕ V ′ induces a connection ∇ V on V. This is a slight generalisation of the setting in [29] where V is defined over the subset J of compatible complex structures. The curvature of V is
in components. The line bundle det(V) = Λ n V has an induced connection ∇ det(V) , whose curvature is
When restricted to J, we recover the results in [29] . The curvatures of V and det(V) are, respectively,
where ω q is the standard Kähler form (4.2) on J.
We argue that there is a unique line bundle (det V) 1/2 over P , called the square root bundle of det V, such that (det V) 1/2 ⊗ (det V) 1/2 ∼ = det V [29] . As P has a deformation retract to J, it suffices to consider the bundles over J. Since c 1 (det V) is represented by ω q /2π, whose integration on the generator of H 2 (J) ∼ = Z is 2, the square root bundle of det V exists. The uniqueness (up to bundle isomorphisms) is because J is connected and simply connected. Furthermore, there is a unique connection on (det V) 1/2 whose curvature is 1 2 
With metaplectic correction, the quantum Hilbert space in the polarisation P ∈ P isĤ P := H P ⊗ det(V) 1/2 P . We can define a star product (still denoted by * P ) of a function f ∈ Λ • V * C on a stateψ ∈Ĥ P by f * Pψ := (f * P ψ) ⊗ √ υ,
We still have associativity f * P (g * Pψ ) = (f * P g) * Pψ for all functions f, g on ΠV andψ ∈Ĥ P . Moreover, f * Pψ ∈Ĥ P for all functions f on ΠV and statesψ ∈Ĥ P . The metaplectically corrected Hilbert spacesĤ P form a bundleĤ := H ⊗ (det V) 1/2 over P. The curvatures H and (det V) 1/2 cancel, and thus the connection onĤ is flat. Moreover,Ĥ is naturally a global product bundle (see [29] for the restriction to J). The product structure is reflected in the properties of the metaplectically corrected intertwining operators. Along a path {P t } 0≤t≤1 in P, the parallel transport U H {Pt} is a unitary isomorphism from H P0 to H P1 . Choosing a different path in P from P 0 to P 1 , the intertwining operator U H {Pt} changes by a phase, which is canceled by the opposite phase from (det V) 1/2 . Therefore the identification UĤ P1,P0 :Ĥ P0 →Ĥ P1 depends only on the endpoints
The action of SO(V, ω) on P lifts to the bundles V, det(V) preserving the connections ∇ V , ∇ det(V) and their curvatures. In particular, the 2-form F det(V) on P or ω q on J is invariant under SO(V, ω). However, only the double cover of SO(V, ω), the spin group Spin(V, ω), acts on (det V) 1/2 and hence on the metaplectically corrected Hilbert space bundleĤ. LetγĤ be the action onĤ of a group elementγ ∈ Spin(V, q) which projects to γ ∈ SO(V, q). The lifted action preserves the flat connection onĤ and in fact the product structure ofĤ as well. Moreover, we havẽ γĤ :Ĥ P →Ĥ γP γ −1 for all P ∈ P andγĤ
for all P 0 , P 1 ∈ P. For any P ∈ P,ρ P (γ) := UĤ P,γP γ −1 •γĤ defines an honest representation of Spin(V, q) onĤ P , i.e., forγ,γ ′ ∈ Spin(V, q), the equalityρ P (γγ ′ ) =ρ P (γ) •ρ P (γ ′ ) holds without phase ambiguity. Finally, we have
All properties remain valid when the bundles on P are restricted to J (cf. [29] ).
A. Appendix
A.1. The Clifford algebra and quantisation maps. The fermionic counterpart of the Weyl algebra is the Clifford algebra of the fermionic phase space. Given a Euclidean vector space (V, q), the Clifford algebra C (V * C ) is the tensor algebra on V * C modulo the two-sided ideal generated by a ⊗ b + b ⊗ a − 1 2 q ♯ (a, b), a, b ∈ V * C , where again > 0 is a fixed number. Unlike the Z-graded tensor, symmetric or exterior algebra, the Clifford algebra is only Z 2 -graded. So the degree |x| is defined modulo 2 but (−1) |x| is well defined for a homogeneous element x ∈ C (V * C ). The super-commutator of x, y ∈ C (V * C ) is [x, y] = xy − (−1) |x||y| yx. (We omit the multiplication between two elements.) For example, if a, b ∈ V * C are regarded as elements of C (V * C ), their super-commutator is the anti-commutator {a, b} = ab + ba and is equal to 
We can check easily ∂ v a = 2 {ι v q, a} for a ∈ V * C ; then by the uniqueness of extension,
where ι a q ♯ = a µ q µν e ν ∈ V C is also a contraction. If V has a linear basis {e µ } 1≤µ≤m , we denote ∂ µ = ∂ eµ as before. Then ad a = 2 q µν a µ ∂ ν on C (V * C ) for all a ∈ V * C . We define a map ̺ 0 :
of operators on C (V * C ) can be easily verified for v ∈ V C and a ∈ V * C . Since {̺ 0 (a), ̺ 0 (b)} = 0 for all a, b ∈ V * C , the map extends uniquely to (using the same notation) ̺ 0 : Λ • V * C → End(C (V * C )) such that ̺ 0 (1) is the identity
for all v ∈ V C and f ∈ Λ • V * C ; the left hand side is the super-commutator [∂ v , ̺ 0 (f )] of linear transformations on the graded vector space C (V * C ). The identity (A.2) can be proved by induction on |f |. It holds obviously if |f | = 0 or f = 1 and it is (A.1) if |f | = 1 or f = a for some a ∈ V *
The quantisation map Q 0 :
. This association of an element Q 0 (f ) in the quantum operator algebra to a classical function f is the counterpart of the bosonic Weyl ordering since for all a ∈ V * C , and x ∈ C (V * C ), ̺ 0 (a)x = 1 2 (ax + (−1) |x| xa) is the average of the two orderings of a, x in the graded sense. The two spaces Λ • V * C and C (V * C ) are of the same dimension and Q 0 is a linear isomorphism whose inverse is the standard symbol map from the Clifford algebra to the exterior algebra. By applying the identity (A.2) to 1 ∈ C (V * C ) and using ∂ v 1 = 0, we obtain,
The quantisation map Q 0 intertwines the fermionic Moyal product (3.1) and the Clifford product. That is,
, which equals Q 0 ((a ∧ f ) * 0 g) by (3.2). Thus we have verified (A.4) by induction on |f |. Associativity of the fermionic Moyal product * 0 is now a consequence of (A.4).
To obtain quantisation map for the star product * K in (3.3), we note that if K, K ′ ∈ Λ 2 V C , the operator
Just like ̺ 0 , the map ̺ K satisfies {̺ K (a), ̺ K (b)} = 0 for all a, b ∈ V * , and hence it extends to
, and thus for all a ∈ V * C , Q K (a) = Q 0 (a). Furthermore, we have In bosonic theory, the quantisation map can be expressed as an integral over the phase space of an operator valued function called the Stratonovich-Weyl kernel or quantiser [26, 25] . For a fermionic system whose phase space is given by a Euclidean space (V, q) of dimension m, the analogue of the Stratonovich-Weyl quantiser [12] is a C (V * C )-valued fermionic function Ω 0 (θ) on ΠV , or an element Ω 0 ∈ C (V * C )⊗ Λ • V * C . Let θ µ (µ = 1, . . . , m) be the fermionic coordinates on ΠV under a linear babis {e µ } of V such that q µν = δ µν and ǫ 12···m = 1 and letθ µ := Q 0 (θ µ ) be the quantisation of θ µ . Then Ω 0 can be written as Ω 0 (θ) = (θ 1 −θ 1 ) · · · (θ m −θ m ). The quantisation map is (A.5)
Q 0 (f ) = ΠV dθ Ω 0 (θ)f (θ)
for all fermionic functions f ∈ Λ • V * C . In particular, Q 0 (θ µ1 · · · θ µp ) =θ µ1 · · ·θ µp if µ 1 , . . . , µ p are mutually distinct. We continue to assume that the dimension m = 2n of V is even. A supertrace on the Clifford algebra C (V * C ) is determined up to a scalar factor by requiring its vanishing on the graded commutators. The factor can be fixed by the supertrace in the spinor representation, the quantum Hilbert space of the fermionic system (cf. §5). In the above fermionic coordinates, we have str(θ µ1θµ2 · · ·θ µp ) = 0 (p < m), str(θ 1θ2 · · ·θ 2n ) = ( √ −1 /2) n .
It follows that str(Q 0 (f )) = √ −1 2
n ΠV dθ f (θ)
for all fermionic functions f on ΠV . In addition, we have the identity str(Ω 0 (θ)Ω 0 (θ ′ )) =
where δ(θ − θ ′ ) = (θ 1 − θ ′1 ) · · · (θ 2n − θ ′2n ) is the fermionic delta-function satisfying
As in the bosonic theory [1] , the Stratonovich-Weyl quantiser Ω 0 is a quantised version of the delta-function. The inverse of the quantisation map can be expressed as a supertrace: for any a ∈ C (V * C ), we have [12] where Ω K (θ) := e 8 K µν ∂µ∂ν Ω 0 (θ). Here ∂ µ = ∂/∂θ µ , and with the fermionic coordinates θ ′µ and θ ′′µ , we write ∂ ′ µ = ∂/∂θ ′µ and ∂ ′′ µ = ∂/∂θ ′′µ . Using the identity str(Ω −K (θ)Ω K (θ ′ )) = √ −1 2
we obtain the inverse of the quantisation map Q K for a ∈ C (V * C ), Q −1 K (a) = 2 √ −1 n str(Ω −K (θ)a).
The star product * K of two fermionic functions f, g on ΠV is (f * K g)(θ) = 2 √ −1 n str(Q K (f * 0 g)Ω −K (θ)) = 2 √ −1 n str(Q K (f )Q K (g)Ω −K (θ)).
Using (A.6) and the identity str(Ω K (θ ′ )Ω K (θ ′′ )Ω −K (θ)) = e 8 K µν (∂ ′ µ ∂ ′ ν +∂ ′′ µ ∂ ′′ ν −∂µ∂ν ) str(Ω 0 (θ ′ )Ω 0 (θ ′′ )Ω 0 (θ)) = ( √ −1 ) 3n 2 5n exp 4 (q(θ, θ ′ ) + q(θ ′ , θ ′′ ) + q(θ ′′ , θ)
where K ♭ ∈ Λ 2 V * C is the antisymmetric bilinear form on V C induced by K and q and K ♭ (θ) = K ♭ (θ, θ), we obtain (f * K g)(θ) = For γ ∈ SO(V, q), we have (γ C⊗ γ O )Ω 0 = Ω 0 and, more generally, (γ C⊗ γ O )Ω K = Ω (γ⊗γ)K for all K ∈ Λ 2 V C . This is consistent with the properties of the quantisation maps Q 0 , Q K described in §A.1.
